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Report Title

Final report for ARO grant entitled "Quantum Entanglement in Optical Lattice Systems"
ABSTRACT

Optical lattice systems provide an ideal platform for investigating entanglement because of their unprecedented level of flexibility and
dynamical control in experiments. The goal of this research project was to utilize novel superlattice geometries where each lattice site is
composed of a multiple-well potential. More specifically, the goals were: (i) Prepare and characterize various initial states of a rubidium
and/or potassium system experimentally and theoretically. (ii) After an instantaneous or continuous change of the system Hamiltonian,
follow the entanglement dynamics of the system using various theoretical techniques and compare to experimental measurements of
correlation functions that quantify the entanglement. The studies aimed to provide deep insights into the emergence of entanglement and its
connection to equilibration and thermalization mechanisms. A detailed understanding of these processes is essential for utilizing the full
potential of entanglement and to refine quantum technology applications. As described in this and our progress reports, important results
were obtained during the duration of the ARO grant.
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Final scientific report for grant entitled “Quantum Entanglement in Optical Lattice
systems”

Pls: Doerte Blume, Peter Engels, and Chuanwei Zhang

Funding Period: May 16, 2009 — May 15, 2013

Optical lattice systems provide an ideal platform for investigating entanglement because
of their unprecedented level of flexibility and dynamical control in experiments. The goal
of this research project was to utilize novel superlattice geometries where each lattice site
is composed of a multiple-well potential. More specifically, the goals were: (i) Prepare
and characterize various initial states of a rubidium and/or potassium system
experimentally and theoretically. (ii) After an instantaneous or continuous change of the
system Hamiltonian, follow the entanglement dynamics of the system using various
theoretical techniques and compare to experimental measurements of correlation
functions that quantify the entanglement. The studies aimed to provide deep insights into
the emergence of entanglement and its connection to equilibration and thermalization
mechanisms. A detailed understanding of these processes is essential for utilizing the full
potential of entanglement and to refine quantum technology applications. As detailed
below, important results were obtained during the fourth funding period of this project.
The accomplishments during the first three funding periods were summarized in the
scientific progress reports submitted in summer 2010, summer 2011 and summer 2012,
and are not reiterated here.

During the fourth funding period (August 2012 — May 2013) our investigations focused
on one-dimensional atomic gases and on spin-orbit coupled Bose-Einstein condensates
(BECs). On the experimental side, the superlattice setup was extended to a Raman setup
that realizes artificial gauge fields and spin-orbit coupling. These extensions of the
experiments conducted by the Engels group were motivated by the theoretical
investigations by Zhang’s group. The Raman lasers are arranged such that a Raman
transition between two hyperfine states is accompanied by a change of momentum. This
leads to an effective spin-orbit coupling. Since the Raman coupling strength and the
detuning from the Raman resonance can be independently adjusted in our experiment,
this provides a very flexible platform for engineering interesting dispersion relations.
From a technical point of view, the setup required a very careful stabilization of the
magnetic fields. After the successful implementation of this scheme, we conducted a
series of experiments investigating the peculiar features of spin-orbit coupled BECs,
including studies of quench dynamics, Dicke-type physics, and spin-orbit coupled lattice
systems. Our experiments were closely accompanied by theoretical studies conducted by
Zhang and collaborators.

Theoretical efforts by Blume’s group focused on understanding correlations of one- and
quasi-one-dimensional Fermi gases. These studies were motivated by experimental
efforts by Jochim’s group in Heidelberg. In these experiments, one-dimensional atomic
Fermi samples consisting of two or more particles can be prepared deterministically. Our
theoretical efforts concentrated on estimating the relevance of the tight confinement
direction, on quantifying the wvalidity regime of the effective one-dimensional



Hamiltonian in the molecular regime, and on characterizing the correlations of the upper
branch.

In the following, we summarize selected highlights from the studies conducted during the
fourth funding period.

1.) Quench dynamics and Zitterbewegung:

As a first application of our spin-orbit coupled system, we conducted a detailed analysis
of the effects of quantum quenches generated by rapid changes of a parameter in the
Hamiltonian governing the many-body dynamics. This led us to the observation of
Zitterbewegung (trembling motion), i.e. a simultaneous oscillation of velocity (or
position) and spin. The Zitterbewegung oscillation was first predicted by Schroedinger in
1930 for relativistic Dirac electrons where it arises from the interference between particle
and hole components of Dirac spinors. Although fundamentally important, the
Zitterbewegung oscillation is difficult to observe in “real” particles. In the past eight
decades, analogs of the Zitterbewegung oscillation have been predicted to exist in various
physical systems, ranging from solid state (e.g., semiconductor quantum wells) to trapped
cold atoms, but experimentally, a Zitterbewegung analog had been observed only in one
previous system using trapped ions as a quantum emulator of the Dirac equation.

The experiments conducted by the Engels group have clearly revealed the
Zitterbewegung in a spin-orbit coupled BEC following a quantum quench. Furthermore,
we demonstrated how a sequence of two quenches can be used to populate the higher
spin-orbit band. The experimental results were complemented by a thorough numerical
and analytic investigations.

Our work has showcased the exceptional flexibility that cold atoms provide for the study
of quantum spin dynamics in spin-orbit-coupled superfluids and has laid the foundation
for further studies of spin decoherence, upper band dynamics, etc. The experimental and
theoretical results of these studies are published as a Rapid Communication in Physical
Review A (PRA 88, 021604(R) (2013)).

2.) Dicke-type physics:

Following our investigation of quantum quenches, we focused on the ground state
properties of a spin-orbit coupled BEC and showed that the system can be mapped to the
well-known Dicke model in quantum optics, which describes the interactions between an
ensemble of atoms and an optical field. A central prediction of the Dicke model is a
guantum phase transition between a superradiant phase and a normal phase. In our
experiments, conducted by the Engels group, as well as in our numerics, performed by
the Zhang group, we clearly detected this transition and demonstrated the applicability
and usefulness of mapping the spin-orbit BEC to a Dicke-type system. We analyzed
various physical quantities across the phase transition including the spin polarization, the
relative occupation of the nearly degenerate single particle states, the quantity analogous
to the photon field occupation, and the period of a collective oscillation (quadrupole



mode). The applicability of the Dicke model to spin-orbit coupled BECs offers a new
viewpoint on spin-orbit coupled BECs and may lead to interesting applications in
guantum optics and quantum information science. The results of these studies are
published as an article in Nature Communications (doi:10.1038/ncomms5023).

3.) Spin-orbit lattice systems:

Spin-orbit coupling and optical lattices are two techniques that directly modify the
dispersion relation of atoms. Intriguing consequences arise when both techniques are
simultaneously applied to a BEC. In a seminal investigation, the Zhang group
theoretically analyzed a spin-orbit coupled lattice system, leading to exciting predictions
such as the existence of flat bands (Physical Review A 87, 023611 (2013)). This
motivated experimental studies by the Engels group. In the experiments, the modulational
instability of a spin-orbit coupled BEC confined in an optical lattice was exploited to
measure the position of band gaps in the band structure. The positions of the band gaps
were shown to be in excellent agreement with predictions made by Yongping Zhang, a
former member of Zhang’s group, who had developed an effective band structure picture
for spin-orbit coupled lattice systems. This study resulted in a clear and insightful
physical picture for the dispersion of spin-orbit coupled lattice systems (arXiv:1405.4048,
accepted for publication in Physical Review Letters).

4.) Dynamics in two-component systems:

We also continued our line of research investigating dynamics in two-component
systems. Of particular note is our study of inhomogeneous phase winding in BECs. The
phase winding was induced by subjecting an elongated BEC to extended Rabi cycling in
the presence of a magnetic gradient. The gradient affected the Rabi cycling rate, leading
to a phase winding along the long axis of the cigar-shaped BEC. While the single-particle
dynamics could be explained by mapping the system to a two-component Bose-Hubbard
model, nonlinearities due to the interatomic repulsion led to new effects observed in the
experiments: In the presence of a linear magnetic field gradient, a qualitatively stable
moving magnetic order that is similar to antiferromagnetic order was observed after
critical winding was achieved. We also demonstrated how the phase winding can be used
to generate copious dark-bright solitons in a two-component BEC, opening the door for
new experimental studies of these nonlinear features. The experiments, conducted by the
Engels group, were accompanied by numerical and analytic theoretical studies performed
by the Zhang group. This work resulted in a combined experimental / theoretical
publication in Physical Review Letters (Phys. Rev. Lett. 111, 264101(2013)).

5.) Three s-wave-interacting fermions under anisotropic harmonic confinement:
Dimensional crossover of energetics and virial coefficients:

We obtained highly accurate solutions of the Schrdodinger equation for three fermions in
two different spin states with zero-range s-wave interactions under harmonic
confinement. Our approach is applicable to spherically symmetric, strictly two-
dimensional, strictly one-dimensional, cigar-shaped, and pancake-shaped traps and has



since been used by other groups. We characterized the transition from quasi-one-
dimensional to strictly one-dimensional and from quasi-two-dimensional to strictly two-
dimensional geometries. We determined and interpreted the eigenenergies of the system
as a function of the trap geometry and the strength of the zero-range interactions. The
eigenenergies were then used to investigate the dependence of the second- and third-order
virial coefficients, which play an important role in the virial expansion of the
thermodynamic potential, on the geometry of the trap. We found that the second- and
third-order virial coefficients for anisotropic confinement geometries are, for
experimentally relevant temperatures, very well approximated by those for the
spherically symmetric confinement for all s-wave scattering lengths. Our results are
summarized in Phys. Rev. A 86, 042702 (2012).

6.) Molecular branch of a small highly elongated Fermi gas with an impurity: Full three-
dimensional versus effective one-dimensional description:

Extending the work discussed in 5.), we considered an impurity immersed in a small
Fermi gas under highly elongated harmonic confinement. The impurity was assumed to
interact with the atoms of the Fermi gas through an isotropic short-range potential with
three-dimensional free-space s-wave scattering length. We investigated the energies of
the molecular branch, i.e., the energies of the state that corresponds to a gas consisting of
a weakly bound diatomic molecule and “unpaired” atoms, as a function of the s-wave
scattering length and the ratio between the angular trapping frequencies in the tight and
weak confinement directions. The energies obtained from our three-dimensional
description that accounts for the dynamics in the weak and tight confinement directions
were compared with those obtained within an effective one-dimensional framework,
which accounts for the dynamics in the tight confinement direction via a renormalized
one-dimensional coupling constant. Our theoretical results were related to recent
experimental measurements by the Jochim group in Heidelberg. Specifically, our
theoretical results were used extensively in the Science paper by the Jochim group
(Science 342, 6157 (2013)). Our results are summarized in Phys. Rev. A 89, 023603
(2014).

7.) Correlations of the Upper Branch of 1D Harmonically Trapped Two-Component
Fermi Gases:

We obtained highly accurate energy spectra and eigenfunctions of small strictly 1D
harmonically trapped two-component Fermi gases with interspecies delta-function
interactions, and analyzed the correlations of the so-called upper branch (i.e., the branch
that describes a repulsive Fermi gas consisting of atoms but no molecules) for positive
and negative coupling constants. Systems with up to four particles were considered.
Changes of the two-body correlations as a function of the interspecies coupling strength
reflect the competition of the interspecies interaction and the effective repulsion due to
the Pauli exclusion principle, and were interpreted as a few-body analog of a transition
from a nonmagnetic to a magnetic phase. Moreover, we showed that the eigenstate of the
infinitely strongly interacting two-component system with more than two particles, which
is reached experimentally by adiabatically changing the system parameters, does not, as



previously proposed, coincide with the wave function obtained by applying a generalized
Fermi-Fermi mapping function to the eigenfunction of the non-interacting single-
component Fermi gas. These results are summarized in Phys. Rev. Lett. 111, 045302
(2013) and have triggered a great deal of theoretical activity by other groups.
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superfluids, Physics Colloquium, Department of Physics, University of Washington,
October 2012, Seattle, Washington.
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9.) D. Blume, Strongly-Correlated Two-Component Few-Fermion Systems, Invited talk
at International Conference on Few-Body Physics in Cold Atomic Gases, Beijing, China;
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Seminar, Zentrum fuer Optische Quantentechnologien, Universitaet Hamburg, Germany;
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17.) D. Blume, s-wave interacting fermions under anisotropic harmonic confinement:
Dimensional crossover of energetics and virial coefficients, ITAMP topical discussion,
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20.) D. Blume, Two-Component Fermi Gases with Unequal Masses: Three-, Four- and
Many-Body Physics, Special Seminar at Tokyo University, Tokyo, Japan; August 27,
2012.
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